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Spontaneous symmetry breakings, metal-insulator transitions, and transport properties of
magnetic-domain-wall states in pyrochlore iridium oxides are studied by employing a symmetry
adapted effective hamiltonian with a slab perpendicular to the (111) direction of the pyrochlore
lattice. Emergent metallic domain wall, which has unconventional topological nature with a control-
lable and mobile metallic layer, is shown to host Fermi surfaces with modulated helical spin textures
resembling Rashba metals. The helical nature of the domain-wall Fermi surfaces is experimentally
detectable by anomalous Hall conductivity, circular dichroism, and optical Hall conductivity under
external magnetic fields. Possible applications of the domain-wall metals to spin-current generation
and “half-metallic” conduction are also discussed.
I. INTRODUCTION
Emergent quantum phases of pyrochlore iridium ox-
ides R2Ir2O7 (R: rare-earth elements) have attracted
broad interest1–5. Previous theoretical studies have pre-
dicted Weyl semimetals in non-collinear magnetic phases
of Y2Ir2O7
4, and non-Fermi-liquid ground states6–9 or
strong topological insulators as spontaneously symmetry
breaking phases10–14 in a paramagnetic pyrochlore irid-
ium oxide Pr2Ir2O7.
The non-collinear magnetic phase called the all-in−all-
out (AIAO) phase, which was theoretically predicted for
Y2Ir2O7
4 and experimetally confirmed for Nd2Ir2O7
15
and Eu2Ir2O7
16, shows other possible intriguing trans-
port properties17,18. For example, thin films of the py-
rochlore iridium oxides with the AIAO orders have been
proposed to exhibit anomalous Hall effects19. The au-
thors have predicted that magnetic domain walls in the
AIAO phase host metallic domain-wall states character-
ized by a zero-dimensional class A Chern number20.
Magnetic domain walls have been an ingredient of spin-
tronics.21 In both of old-fashioned magnetic bubble mem-
ories and cutting-edge magnetoresistive random access
memories, magnetic domains themselves have conveyed
information. In contrast, while the domains in the AIAO
orders of the pyrochlore iridium oxides themselves remain
functionless magnetic insulators, the magnetic domain
walls in the AIAO phases have been predicted to offer
tunable, controllable and mobile two-dimensional metal-
lic layers20.
In the present paper, we clarify the functions of
the predicted topological domain-wall metals of the py-
rochlore iridium oxides in more details. First, sponta-
neous symmetry breakings and metal-to-insulator tran-
sitions at the magnetic domain walls are examined. A
single (111) magnetic domain wall in a simple tight bind-
ing model for the pyrchlore iridium oxide with spin-orbit
couplings is studied by employing a slab geometry per-
pendicular to the (111) direction and an unrestricted
Hartree-Fock approximation. Next, the transport prop-
erties of the (111) domain wall are studied by using the
Kubo formula. Anomalous and optical Hall conductivi-
ties characterize the domain-wall metals.
We show that the domain-wall metals are character-
ized by modulated helical two-dimensional Fermi sur-
faces. Resembling Rashba-split Fermi surfaces22–24 ob-
served, for example, in surface states of noble metals25,
inverted semiconductor heterostructures26, and, recently,
in a bulk semiconductor BiTeI27, spin/total-angular-
momentum polarization tangential to Fermi surfaces is
realized in the modulated helical Fermi surfaces. Differ-
ently from intensively studied ideal helical Fermi surfaces
of topological insulator surfaces28–30, which are described
by a Dirac hamiltonian vF[~k × ~ˆσ]z, the spin/total angu-
lar moment of electrons are affected by trigonal warpings
and have their components perpendicular to the two-
dimensional plane.
We also show that there are two categories of domain
wall metals, namely, helical metals with and without de-
generacy: Degenerate helical metal is characterized by
the two-fold degeneracy of the Fermi surface states at
every momenta and the helical metal emerges by a spon-
taneous symmetry breaking of this degeneracy leading
to the emergence of a magnetic moment at the domain
wall and the splitting of the two-fold degenerate Fermi
surface, which emerges as a first-order transition and is
evidenced by sudden changes in the anomalous Hall con-
ductivities of the domain-wall metals and the jump in
the density of states at the Fermi level. Splittings of
the modulated helical Fermi surfaces eventually lead to a
metal-to-insulator transition when the ratio of the intra-
atomic Coulomb repulsions and the kinetic energy is fur-
ther increased by applying negative chemical or physical
pressures. The absolute value of the anomalous Hall con-
ductivity itself, however, is extremely sensitive to bound-
ary conditions.
We also propose that the optical Hall conductivity of-
fers an experimental hallmark of the degenerate helical
domain-wall metals. In contrast to the optical Hall con-
ductivities due to the formation of Landau levels, the
imaginary part of the optical Hall conductivity of the de-
generate helical metals show a continuum of optical Hall
responses with a finite width proportional to Zeeman en-
2ergy and, hence, proportional to external magnetic fields.
The organization of the present paper is the follow-
ing. In this paper, we focus on magnetic domain walls
in a Hubbard-type effective hamiltonian of electrons in
Jeff=1/2-manifold of iridium atoms that constitute a py-
rochlore lattice. The effective hamiltonian is introduced
in Sec. II. With a slab geometry, electronic and transport
properties of a single magnetic domain wall of R2Ir2O7
are studied by employing the unrestricted Hartree-Fock
approximation and the Kubo formula, which are also de-
scribed in Sec. II. The quantum phase transitions of the
domain-wall metals are examined in Sec. III. Section IV
and V are devoted to detailing the electronic and trans-
port properties of the domain-wall metals. The weak
topological nature proposed in Ref. 20 and possible appli-
cation of the domain-wall metals are discussed in Sec. VI.
Section VII is devoted to a summary of the present paper.
II. MODEL AND METHOD
A. Simple effective hamiltonian for electrons in
Jeff=1/2-manifold
As a simple effective hamiltonian of pyrochlore irid-
ium oxides, R2Ir2O7, we study the following effec-
tive Hubbard-type hamiltonian of electrons in Jeff=1/2-
manifold of iridium atoms3,14,20,31 on a pyrochlore lattice
(see the upper panel of Fig.1),
Hˆ = +t
n.n.∑
i,j
∑
σ
[
cˆ†iσ cˆjσ + h.c.
]
+ U
∑
i
nˆi↑nˆi↓
−iζ
n.n.∑
i,j
∑
σ,σ′=↑,↓
cˆ†iσ
(
~ˆσ ·
~bij × ~dij
|~bij × ~dij |
)
σσ′
cˆjσ′ , (1)
where a fermionic operator cˆ†iσ (cˆiσ) creates (annihi-
lates) an electron with σ-spin at i-th site. Here, ~ˆσ =
(σˆx, σˆy, σˆz)
T is a vector consisting of Pauli matrices, ~dij is
a vector from j-th site to i-th site, and~bij is a vector from
the center of the tetrahedron including i-th and j-th sites
to the center of the bond connecting i-th and j-th sites
(see the lower panel of Fig.1 that illustrates the direc-
tions of ~bij , ~dij , and ~bij × ~dij). In the above hamiltonian,
the spin-orbit couplings are decoded as spin-dependent
complex hoppings proportional to ζ.
The previous studies have shown that, for t > 0, ζ < 0,
and U/t≫ 1, the experimentally observed AIAO order is
accounted for by the strong coupling expansion of Eq.(1)
at half filling: The second order terms proportional to
tζ/U lead to the direct Dzyaloshinskii-Moriya (DM) in-
teractions that are known to stabilize AIAO orders32–34.
The DM interactions determine not only the mutual an-
gles of the neighboring atoms’ magnetic moments but
also the directions of these magnetic moments. In the
strong coupling limit, the magnetic moments of the ef-
fective hamiltonian effectively feel Ising-like anisotropy
through the exchange coupling.
Due to the effective Ising-like anisotropy, quantum and
thermal fluctuations are suppressed and the mean-field
treatments are basically justified deeply inside the AIAO
orders. Thanks to the suppression, the unrestricted
Hartree-Fock approximation becomes reasonable, which
we employ in this paper, as introduced below.
FIG. 1. (color online): Cubic unit cell of a pyrochlore lat-
tice (upper panel) and illustration of ~bij , ~dij , and ~bij × ~dij in
Hamiltonian Hˆ for a single tetrahedron consisting of four irid-
ium atoms located at ~ri (i = 1, 2, 3, 4) (lower panel). Arrows
connecting ~rj with ~ri represent directions of ~dij . Vectors ~bij
connect the center of the tetrahedron and the center of the
bond. Arrows perpendicular to ~dij show directions of~bij× ~dij .
Lattice vectors that define the slab geometry, ~Rξ, ~Rη, and ~Rζ ,
are also shown.
B. Slab geometry
To study magnetic domain walls of the pyrochlore irid-
ium oxides R2Ir2O7, we introduce a slab with surfaces
perpendicular to the (111) direction. The slab consists
of regularly stacked Kagome´ and triangular layers. Here,
we assume the translational symmetry along the Kagome´
3and triangular layers perpendicular to the (111) direction
for simplicity. Then, the slab is described as a two di-
mensional lattice with a unit cell that contains iridium
atoms at
~Ra = ~R(n,ℓ) = ~rn + (ℓ− 1)~Rζ , (2)
where n (n = 1, 2, 3, 4) is the site index inside a single
tetrahedron, ℓ (ℓ = 1, 2, . . . , Lth) is the layer index, ~rn
is defined with the distance between nearest neighboring
iridium atoms
√
2a0 (see also Fig.1) as
~r1 = (a0, 0, a0)
T ,
~r2 = (0, a0, a0)
T ,
~r3 = (a0, a0, 0)
T ,
~r4 = (0, 0, 0)
T ,
and ~Rζ = (−2a0, 0,−2a0)T is a lattice vector of bulk
pyroclore lattices, which runs along the direction from ~r1
to ~r4. The two dimensional lattice is defined by the lattice
vectors ~Rξ = (−2a0, 2a0, 0)T and ~Rη = (0, 2a0,−2a0)T .
Then, the top (bottom) surface of the slab is the Kagome´
(triangular) layer (see Fig.1).
We will show transport properties of the (111) mag-
netic domain walls later. To define the transport co-
efficients of the domain-wall states, here, we introduce
an additional Cartesian coordinate with the axes X , Y ,
and Z are parallel to (−2, 1, 1)/√6, (0, 1,−1)/√2, and
(1, 1, 1)/
√
3, respectively.
C. Unrestricted Hartree-Fock approximation
Here, we employ the unrestricted Hartree-Fock approx-
imation, to describe the AIAO phases and magnetic do-
main walls by using the effective hamiltonian Hˆ Eq.(1).
We decouple the Hubbard interaction terms in Hˆ by
introducing mean fields as,
nˆi↑nˆi↓ ≃
[
cˆ†i↑, cˆ
†
i↓
](ρi
2
σˆ0 − ~mi ·
~ˆσ
2
)[
cˆi↑
cˆi↓
]
−〈nˆi↑〉 〈nˆi↓〉+
〈
cˆ†i↑cˆi↓
〉〈
cˆ†i↓cˆi↑
〉
, (3)
where the mean fields are defined as
ρi = 〈nˆi↑〉+ 〈nˆi↓〉 , (4)
mxi =
〈
cˆ†i↑cˆi↓
〉
+
〈
cˆ†i↓cˆi↑
〉
, (5)
myi = −i
〈
cˆ†i↑cˆi↓
〉
+ i
〈
cˆ†i↓cˆi↑
〉
, (6)
mzi = 〈nˆi↑〉 − 〈nˆi↓〉 . (7)
We do not introduce any restrictions on these self-
consistent mean fields ρi and ~mi.
D. Kubo formula
By employing the unrestricted Hartree-Fock approxi-
mation, the hamiltonian Hˆ is reduced to the following
general one-body hamiltonian,
HˆUHF =
∑
~k
∑
a,b
hab(~k)cˆ
†
a~k
cˆ
b~k
, (8)
where lowercase Roman letters (a, b, . . .) specify the site
and spin indices of electrons, and ~k represents two di-
mensional lattice momenta perpendicular to the (111)
direction. In general, the one-body hamiltonian HˆUHF is
diagonalized by introducing an unitary matrix U as,∑
a,b
U∗aα(
~k)hab(~k)Ubβ(~k) = δα,βǫα, (9)
where lowercase Greek letters such as α label eigenstates
of HˆUHF and ǫα is the corresponding eigenvalue of HˆUHF.
We calculate the transport properties of HˆUHF by using
the Kubo formula. In the present paper, we focus on
charge conductivities σµν(ω) defiend below. By using
the charge current operators
jαβµ (
~k) = − e
h¯
∑
a,b
U∗aα(
~k)
∂hab(~k)
∂kµ
Ubβ(~k), (10)
σµν(ω) is given from the Kubo formula
35,36 as
σµν(ω) = −i h¯
A
∑
~k
ǫα 6=ǫγ∑
α,γ
[
f(ǫα(~k)− EF)− f(ǫγ(~k)− EF)
]
jγαµ (
~k)jαγν (
~k)
(ǫα(~k)− ǫγ(~k))
[
ǫα(~k)− ǫγ(~k) + h¯ω + iδ
] + iDµν
h¯ω + iδ
, (11)
where the Drude part is given as
Dµν =
h¯
A
∑
~k
∑
α
βjααµ j
αα
ν
4
{
cosh β(ǫα(
~k)−EF)
2
}2 , (12)
and the area of the surface of the slab with L2 unit cells
is given as A = 4
√
3a20L
2, β is the inverse temperature,
and f(ǫ) is the Fermi distribution function. In this pa-
per, we focus on zero temperature properties by taking
β sufficiently large.
4III. DOMAIN-WALL PHASE DIAGRAM
By employing the unrestricted Hartree-Fock approxi-
mation, we calculate physical properties of (111) mag-
netic domain walls of the effective hamiltonian Eq.(1)
with a typical value of ζ/t, ζ/t = −0.2, and a slab geom-
etry with 40 layers (Lth = 40). Starting with an initial
condition where all-out (all-in) magnetic moments for the
ℓ-th tetrahedron for 1 ≤ ℓ ≤ 20 (21 ≤ ℓ ≤ 40), we obtain
domain-wall solutions as local minima of the free energy.
As examples of the domain-wall solutions, we illustrate
the magnetic moments in Fig.2 at U/t = 4 and U/t = 4.5.
At U/t = 4, the domain-wall solution is symmetric un-
der an inversion I around one of the Kagome´-plane sites
taken together with the time reversal operation Θ, as is
shown in an example of Fig.2(a), where the 21st layer
is the symmetric plane, if effects of surfaces of the slab
with a finite thickness are neglected. On the other hand,
this IΘ-symmetry is spontaneously broken at U/t = 4.5,
which is evident in evolution of the magnetization at the
Kagome´-plane sites of the 21st layer. Later, the mag-
netization at the 21st Kagome´ plane is denoted as the
domain-wall magnetization mdw in comparison with the
bulk magnetization mb practically defined as the magne-
tization at the 10th or 30th layer.
There are actually three phases for the domain-wall
states, a degenerate helical metal, a helical metal, and an
insulator. The phase transition between the degenerate
helical and helical metals is of first order accompanied by
the spontaneous symmetry breaking of the IΘ-symmetry
in the helical-metal phase, The metal-to-insulator transi-
tions at the domain walls are determined by the distinc-
tion between zero and nonzero densities of states at the
Fermi level EF, D(EF), which is given as
D(EF) = 1
L2
∑
~k
∑
α
β
4
{
cosh β(ǫα(
~k)−EF)
2
}2 . (13)
The U/t-dependences of mb, mdw, and D(EF) are sum-
marized in the upper panel of Fig. 3.
In the lower panel of Fig. 3, we summarize anoma-
lous Hall conductivities σXY (ω) of the two-dimensional
domain-wall metals and domain-wall thickness λdw de-
fined through fitting the sublattice magnetization with
mb tanh[(r − r0)/λdw], where r − r0 is a distance from
the 21st Kagome´ layer measured along the (111) direc-
tion. The anomalous Hall conductivities for a slab with
a single domain wall and without any domain walls are
shown in the lower panel of Fig.3. In the U/t-dependence
of σXY with a single domain wall, the first order phase
transition between the degenerate helical metals and the
helical metals is evident as a jump in σXY . The domain-
wall thickness λdw can be fitted only in the degenerate he-
lical metals with the vanishing magnetizationmdw, while
the width of the domain wall is practically zero in the
helical metal and insulator phases. For U/t <∼ 3.8, the
domain-wall structures are not characterized by an as-
sumption mb tanh[(r − r0)/λdw].
We next show the band structures of the degenerate
helical metals and the helical metals in Fig.4. First of
all, as naturally expected, there are no significant differ-
ences in the overall bulk band dispersion for U/t = 4
and U/t = 4.5 as shown in Fig.4(a) and (b), except for
the bulk charge gaps, and the bands associated with the
domain-wall and surface. Ingap bands with band bot-
toms at the K ′ point are surface bands of the slab. The
broken inversion symmetry (or the differences between
the K and K ′ points) of the slab in the AIAO phase is
detectable in the domain-wall and surface states. In con-
trast to the bulk band dispersion, the spontaneous IΘ-
symmetry breakings at the domain wall is evident in the
domain-wall Fermi surfaces shown in Fig.4(c). Here, the
IΘ-symmetry breaking is evidenced from the split Fermi
surfaces centered at the K andK ′ pionts, while these two
Fermi surfaces are degenerated in the degenerate helical
metals.
In the degenerate helical metals, the Fermi surfaces
consist of degenerated hole pockets centered at the K
point. On the other hand, in the helical metals, the Fermi
FIG. 2. (color online): Magnetic moments of typical domain-
wall solutions for (a) U/t = 4 and (b) U/t = 4.5. For U/t = 4,
the magnetic moment is zero at the Kagome´-layer sites of the
21st layer.
5FIG. 3. (color online): Upper panel: U/t dependence of
magnetization (mb,mdw), and density of states D(EF) at the
Fermi level. Lower panel: U/t dependence of anomalous Hall
conductivity of a pyroclore slab with a single magnetic do-
main wall, and domain-wall width λdw in the unit of distances
between nearest-neighbor Kagome´ layers aK. In comparison
with the anomalous Hall conductivity with a single domain
wall (shown as “σXY w dw”), we also show the anomalous
Hall conductivity without domain walls shown as “σXY w/o
dw.” Three phases, degenerate helical metal, helical metal,
and insulator are identified from the density of states.
surfaces consist of a hole pocket centered at the K point
and an electron pocket centered at the K ′ point. The
impact of the broken IΘ-symmetry is significant in the
electron pocket centered at theK ′ point. In the evolution
from the degenerated hole pocket centered at theK point
to the electron pocket centered at the K ′ point with in-
creasing U/t, there should be changes in topology of the
Fermi surface, as illustrated in Fig.5. Starting with the
hole pockets centered at the K point obtained in the de-
generate helical metals, by increasing the hole density for
the band that forms one of the hole pockets, a hole pocket
centered at the Γ point is also created. For further in-
crease in the hole density, the newly-created hole pocket
around the Γ point and the original hole pocket around
the K point touch each other. Then, a closed electron-
like Fermi surface enclosing theK ′ point appears through
a Lifshitz transition37. Due to the changes in the Fermi
surface topology, namely the Lifshitz transition, the IΘ-
symmetry breakings become of first order38.
Before going into distinct natures of degenerate helical
and helical metals, which will be discussed in the follow-
ing sections, we show that the helical natures of these
metallic states are evident in absorption of cicularly po-
larized light: Circular dichroism appears in absorption
of cicularly polarized light incident along the (111) direc-
tion on the domain walls, in both of degenerate-helical-
and helical-metal phases. If we choose t ∼ 0.1eV by
comparing the band width of the present hamiltonian
with LDA results for Y2Ir2O7
4, we predict experimen-
tally detectable circular dichroism in mid-wavelength or
far infrared region.
In two-dimensional metals, the plasma frequency at
small momentum q is proportional to |q|−1/2. The simple
Drude model for optical properties of single-band two-
dimensional metals39, therefore, predicts optical trans-
parency. Even for the three dimensional systems, if the
thickness of the metallic layers is negligible, the intra-
band optical response becomes vanishing. Consequently,
the optical absorption of electromagnetic waves at the
magnetic domain walls is expected to be governed by and
proportional to the interband components of optical con-
ductivities40. Here, we examine the circular dichroism
through non-Drude part of optical conductivities for the
circularly polarized light σ˜±∓(ω). To obtain σ±∓(ω), we
replace jγαµ (
~k)jαγν (
~k) with jγα± (
~k)jαγ∓ (
~k) and set Dµν = 0
in Eq.(11), where jγα± (
~k) = 2−1/2
[
jγαX (
~k)∓ ijγαY (~k)
]
.
As an index to measure the circular dichroism, we
choose a relative difference between σ˜+−(ω) and σ˜−+(ω),
defined as
∆α(ω) =
Re[σ˜+−(ω)]− Re[σ˜−+(ω)]
Re[σ˜+−(ω)] + Re[σ˜−+(ω)]
. (14)
It shows substantial amplitudes of ∆α(ω) around the op-
tical absorption edge, as we see in Fig.6 (upper panel) in
comparison with interband components of σ˜XX(ω) (lower
panel).
IV. DEGENERATE HELICAL METALS
In this section, we further clarify the nature of the
degenerate helical metals. First, we examine the spin
polarization on the degenerated Fermi surfaces. Next,
we propose that the existence of the degenerate helical
metals can be evidenced in experiments by their charac-
teristic frequency and magnetic-field dependences of the
optical Hall conductivities.
A. Spin polarization on Fermi surfaces
In this subsection, we show the Z2 nature of the spin
alignments on the Fermi surface of the domain wall
states. First, we note that the degenracy of the eigen-
state of HˆUHF is determined by the Z2 symmetry for the
spin on the Fermi surface, instead of the SU(2) symmetry
seen in Fermi surfaces of usual paramagnetic metals.
This is intuitively understood from the simultaneously
satisfied IΘ symmetry and the symmetry derived from
a set of succesive two mirror operations, both of which
are preserved around the domain wall as is easily seen
6FIG. 4. (color online): Band dispersion of pyrochlore slab and Fermi surface. (a) and (b) show the band dispersion of the
slab for U/t = 4 and U/t = 4.5, respectively. The Fermi surfaces of the domain-wall states for U/t = 4 and U/t = 4.5
are summarized in (c). The solid curves represent the degenerate Fermi surfaces for U/t = 4. The broken (red and blue)
curves represent the split non-degenerate hole pockets centered at the K point and electron pockets centered at the K′ point,
respectively for U/t = 4.5.
FIG. 5. (color online): Schematic illustration for changes
in Fermi surface topology. Starting with a hole pocket cen-
tered at the K point obtained in the degenerate helical metals
(solid black curves), we illustrate how an electron pocket cen-
tered at the K′ point emerges in the helical metals (solid gray
curves). Inbetween them, Fermi surfaces with two hole pock-
ets centered at the K and Γ points are illustrated.
from the magnetic structure of the AIAO domain wall as
detailed below by using the illustrations in Fig.7.
In the top panels of Fig.7, we decompose the spin
into the out-of-plane (namely, along (111) direction) and
the in-plane components by referring to the domain-wall
plane, where the in-plane component is further decom-
posed into the component tangential to the Fermi surface
(more precisely the Fermi line) and that perpendicular to
the Fermi line in the two-dimensional Brillouin zone.
Let us first examine the degeneracy derived from the
IΘ symmetry: We first show that the IΘ symmetry it-
self does not sufficiently restrict the direction of the spin
on the Fermi surface. The IΘ operation simply requires
that, by this operation, all the spin components are trans-
formed to the opposite directions. The constraint is that
-0.1
 0
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 200
 400
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FIG. 6. (color online): Circular dichroism in optical conduc-
tivity in comparison with interband components of optical
conductivity. Upper panel shows frequency dependences of
∆α(ω) for U/t = 4 (grey solid curve) and U/t = 4.5 (black
solid curve). Non-Drude parts or interband components of
optical conductivity, σ˜XX(ω), are shown in the lower panel.
the degenerate two states must have this spin inversion
property.
However, the domain wall of the AIAO phase preserves
another symmetry determined by the successive two mir-
ror operations illustrated step by step in the left three
panels of Fig. 7 from the top to the bottom. By this
operation, the out-of-plane and tangential components
of the spin are transformed to the opposite direction at
least at the points where the Fermi surface (Fermi line)
crosses the symmetry lines denoted by the Γ-K, K-K ′,
and Γ-K ′ lines. This inversion is the same as the IΘ op-
eration (see the bottom middle panel of Fig. 7). However,
7in contrast to the IΘ operation, the component perpen-
dicular to the Fermi surface within the domain-wall plane
is unchanged under this operation as is seen in the bot-
tom right panel of Fig.7. Therefore, the two symmetries
are compatible only when the in-plane component per-
pendicular to the Fermi surface vanishes. This imposes
a constraint that the in-plane component of the spin has
only the tangential component at least in the illustrated
symmetry points in the Brillouin zone.
Since the spin direction is inverted by the IΘ and the
two-mirror-plane operations, the spin degeneracy follows
the Z2 symmetry at each point of the Fermi surface. At
the different points on the Fermi surface, the continuity
of the spin direction is necessary along the Fermi surface
to lower the energy. The spin-orbit interaction indeed
preserves the two-fold degeneracy of clock-wise and anti-
clock wise direction of the helicity shown in Fig.7, and
the total Z2 symmetry emerges.
In other words, a generalization of Kramers degeneracy
originating from the IΘ and two-mirror symmetries of
the domain-wall states, instead of the time-reversal sym-
metry, guarantees the two-fold degeneracy of the eigen-
values of the one-body hamiltonian HˆUHF at Lth → +∞.
The invariance of HˆUHF under the operation of IΘ and
the two succesive mirror operations requires that they
map an eigenstate onto another eigenstate with the same
eigenvalues. By noting that every single-particle eigen-
state is a linear combination of Jeff = 1/2 orbitals and
Jeff = 1/2 states are not invariant under the operation
of IΘ, the eigenstates of HˆUHF are generically mapped
onto another eigenstate different from the original states
under the operation of IΘ.
By employing a realization of a IΘ operation, R(IΘ),
we can write down the generalized Kramers degeneracy
explicitly as,∑
b
[R(IΘ)]abUbα(~k) = e
+iθaUaβ(~k), (15)
and
ǫα(~k) = ǫβ(~k), (16)
where θa is a U(1) gauge of the wave function. Then, we
formulate an assumption that the real-space wave func-
tions of the domain-wall states are asymmetric around
the inversion center of I. The assumption is simply for-
mulated as
|Uaα(~k)|2 6= |Uaβ(~k)|2. (17)
The exclusion of the spin polarization perpendicular to
the Fermi surface (Fermi line) clearly excludes a possibil-
ity that the domain-wall metals are simple paramagnetic
metals. It is a natural consequence since, due to the
strong spin-orbit couplings, the original SU(2) symmetry
of the electrons’ spin is absent in the present system.
FIG. 7. (color online): Candidates of spin polarization im-
posed by symmetry operations on domain-wall Fermi surfaces.
In the left column, two tetrahedra on the Kagome´ plane and
the mirror planes (shaded area and vertical broken line) are
shown, where magnetic moments at the vertices are illustrated
as ⊙ and ⊗. Starting with spin polarization tangential and
perpendicular to the Fermi surface that are shown in the top
panel of the middle and right column, respectively, we oper-
ate the mirror reflections. In the middle panel, we show the
resultant spin polarization after the reflection with respect
to the Kagome´ plane. In the bottom panel, the resultant
spin polarization after the two successive mirror reflections is
shown.
B. An experimental hallmark of degenerate helical
metals
The tangential spin polarization introduces opposite
helicities for the two degenerated Fermi lines. The helic-
ity inspires us to examine optical responses to incident
light with circular polarization. Indeed, by calculating
the optical Hall responses, we found that the low fre-
quency behaviors of the optical Hall conductivities un-
der external magnetic fields are different from those of
paramagnetic metals.
The calculated imaginary part of the optical Hall con-
ductivities are shown in Fig.8 for U/t = 4. In Fig.8(a),
we show the low frequency behaviors of ImσXY (ω) under
external magnetic fields B parallel to the (111) direction.
The effect of the magnetic fields is taken into account
only through the Zeeman term, because, as we discuss
later the effect from coupling through the electronic or-
bital motion is one order of magnitude smaller than the
Zeeman effect, if we assume the electron effective mass
in the order of 10me with me being the bare electronic
mass, as is anticipated from the bandwidth of the LDA
calculation4,41. By changing the Zeeman term,
UZ
∑
i
∑
σ,σ′=↑,↓
cˆ†iσ
[
σˆx + σˆy + σˆz√
3
]
σσ′
cˆiσ′ (18)
8where UZ is the Zeeman energy, the absorption contin-
uum in the optical Hall conductivity σXY (ω) shifts its
location and width in frequency. Here, the Zeeman en-
ergy UZ for R2Ir2O7 is estimated as
UZ = mJgµBB + 6mJJR-Irµ−1B mR(B), (19)
where mJ (g) is a total magnetic moment (g-factor) of
an electron in Jeff = 1/2-manifold, µB is the Bohr mag-
neton, JR-Ir is an exchange coupling between an irid-
ium atom and the 6 neighboring R atoms, and mR(B)
is the magnetic moment of the R atoms under external
magnetic fields B. We note that the simplified isotropic
exchange coupling JR-Ir is employed, instead of the ex-
change couplings based on the symmetries of the wave
functions of R3+ ions42,43. By rescaling the imaginary
part of σXY (ω) and h¯ω with the Zeeman energy UZ, in
Fig.8(b), we show that the width of the continuum is
proportional to the Zeeman energy UZ. Due to the finite
line width introduced in Fig.8(a) and (b), δ/t = 2×10−3,
the detailed structures of the continua are smeared. To
clarify the intrinsic structures of the continua, we change
δ for each value of the Zeeman energy with keeping
the ratio of the Zeeman energy UZ and δ, as shown in
Fig.8(c). For three different values for the Zeeman en-
ergy UZ/t = 0.05, 0.025, 0.0125, the low frequency parts
of ImσXY (ω) are nearly collapsed into a single curve. The
collapse indicates that the amplitudes of ImσXY (ω) are
also scaled with the Zeeman energy UZ/t.
In usual metals, the imaginary part of the optical Hall
conductivity arises due to the formation of the Landau
levels. When the Landau levels induce the absorption in
the optical Hall responses, the absorption spectra consist
of sharp peak structures, instead of forming continua.
In addition, under stronger external magnetic fields, the
peak width is expected to remain unchanged or to be-
come narrower. It is in sharp contrast with the present
results.
Aside from the absorption peak shapes, the energy
scale of the absorption spectra in the degenerate helical
metals is distinct from that of usual paramagnetic met-
als. While the energy scale of the absorption continuum
is governed by the Zeeman energy UZ, optical transitions
between the Landau levels are governed by the cyclotron
frequency,
h¯ωc =
2µBB
meff/me
, (20)
where meff is the effective mass of the domain-wall states
and me is the electron mass. In the present domain-wall
states, we roughly estimatemeff/me >∼ O(10). Therefore,
we expect that there are two distinct energy scales in
optical Hall spectra, namely, the Zeeman energy UZ and
the cyclotron mass h¯ωc, which is roughly one order of
magnitude smaller than UZ. The expected separation of
these two energy scales enables us to distinguish helical
metals and ordinary paramagnetic metals.
For experimental observation, we roughly examine the
energy scales of the frequency and the required mag-
netic fields. Here, by comparing the band width with
pyrochlore iridium oxides and that of the effective hamil-
tonian, we estimate the energy scale as t ∼ 0.1 eV. There-
fore, the relevant frequency range for the experimental
observation revealed in Fig. 8(a) is up to 10 meV and the
amplitude of external magnetic fields is up to 102 T. The
requirement for the external magnetic fields is seemingly
demanding. However, in the pyrochlore iridium oxide
with R =Nd, for example, the Zeeman fields originating
from the magnetic moment of Nd atoms, mR=Nd, assist
the external magnetic fields in enhancing the Zeeman
splitting of the degenerated helical Fermi lines. Thus,
we expect that external magnetic fields up to several T
are enough for detecting the characteristic optical Hall
responses discussed above in Nd2Ir2O7.
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FIG. 8. (color online): (a) Imaginary part of optical Hall
conductivity of a pyrochlore slab with a magnetic domain
wall under several choices of external magnetic fields. The
optical Hall responses show continuum with finite width pro-
portional to Zeeman energy. (b) Width of continuum shows
proportionality to magnetic fields. (c) Continuum indicating
that introduced damping δ does not influence its structure.
V. HELICAL METALS
The spontaneously broken IΘ-symmetry induces split
Fermi lines with spin polarization tangential to the Fermi
lines with additional components parallel to the (111)
direction. The explicit patterns of the spin polarization
9FIG. 9. (color online): Spin polarization on electron and hole Fermi surfaces around K′ and K points, respectively, determined
by spin-resolved spectral weight ~A ≡ (Ax(~k, ω),Ay(~k, ω),Az(~k, ω)) at ω = EF for U/t = 4.5 in helical metal phase. The
spin polarization is illustrated as arrows. The out-of-plane components A111 ≡ (Ax + Ay + Az)/
√
3 are characterized by
θ⊥ = arcsin
(
A111/| ~A|
)
, in the right panel. The magnetic domain wall keeps the three-fold symmetry around (111) axis within
entire range of U/t in Fig. 3. The horizontal axis (X-axis) in the left panel is parallel to (−2, 1, 1)/√6, and the vertical axis (Y -
axis) is parallel to (0, 1,−1)/√2. The hexagonal Brillouin zone corners are (kX , kY ) = (0, 2π/3a) and (kX , kY ) = (π/
√
3a, π/3a).
on the Fermi surfaces are given in Fig.9 for U/t = 4.5. As
we mentioned in Fig.4, a hole pocket around the K point
and the electron pocket around the K ′ point emerge.
Here, to illustrate the spin polarization quantitatively,
we introduce spin-resolved spectral weights. For exam-
ple, the x-component of the spin-resolved spectral weight
is given by
Ax(~k, ω) = − 1
π
Im
∑
i∈Γdw
∑
σ,σ′
∑
α
U∗iσα(
~k)(σˆx)σσ′Uiσ′α(
~k)
h¯ω + iδ − ǫα(~k)
,
(21)
where Γdw is a subsystem consisting of 19th, 20th, 21st,
and 22nd layers including a single domain wall.
The spin polarization patterns shown in Fig.9 resem-
ble the spin-polarized Fermi surfaces of the Rashba-split
Fermi surfaces22–24 observed, for example, in BiTeI27.
However, as evident in Fig.9, the hole band dispersion
is not captured by the Rashba hamiltonian.
VI. DISCUSSION
A. Weak topological nature
One might suspect that the emergence of insulating
domain-wall states is inconsistent with the existence of
the 1D hidden weak Chern number proposed in Ref.20.
The hidden topological nature is based on symmetry of
the eigenstates of the mean-field hamiltonian HˆUHF with
a single AIAO magnetic domain wall: The eigenstates at
the Γ point are invariant or constituting two-dimensional
irreducible representation under C3 rotational symmetry
around the (111) axis. The eigenvalues of the C3 rotation
classify these eigenstates at the Γ point into three cate-
gories. Then, the number of the eigenstates in each cat-
egories gives us zero-dimensional Chern number. When
the (111) domain walls are shifted by a unit layer along
the (111) direction, the zero-dimensional Chern number
is required to change. The changes in the Chern number
require the existence of the ingap domain-wall states. In
addition to the hidden Chern number, the IΘ symme-
try of the AIAO domain walls in the degenerated heli-
cal metal phases guarantee the existence of the metallic
domain-wall states. However, in the helical metal phase
and beyond (see Fig3. for the phase diagram), the IΘ
symmetry is broken and the topological protection is not
guaranteed any more.
Even in the insulator phase, the insulating nature is
fragile: if the domain walls are deformed and translated
by a single layer with keeping C3 rotational symmetry
around the (111) axis, the changes in the zero dimen-
sional Chern number require that the two domain-wall
bands touch each other at the Γ point, at least, once dur-
ing the deformation. In other words, the mutual touch-
ing of these domain-wall bands changes the zero dimen-
sional Chern number. This asserts that the insulating
phase may have gapless metallic conduction to some ex-
tent with “bad insulating” nature when the domain walls
are not strictly flat, for example.
B. Memory effects in Hall measurements
Insertion of magnetic domain walls affects Hall con-
ductivity, as evident in comparison between the Hall
conductivity of a single domain slab and a slab with
two domains that is separated by a single domain wall
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(Fig.3). Therefore, hysteresis due to insertion and re-
moval of magnetic domain walls in R2Ir2O7, which is
observed in magnetoresistivity44–46, inevitably accompa-
nies hysteresis in Hall conductivity.
C. Spin current generation by charge current
injection
In the helical-metal phase of the domain wall, there
are a hole pocket centered at the K point and an elec-
tron pocket centered at the K ′ point with modulated
helical spin polarizaton. These two helical Fermi pockets
stimulate interest in possible application to spintronics
devices.
As same as the Rashba metals, spin polarization of
electronic and hole carriers generated by charge current
injection are anti-parallel if the Fermi velocity of these
carriers are along the same direction, leading to the can-
cellation of the spin current for the contribution from
the same Fermi velocity. However, due to lack of the
I-symmetry at the domain walls, the Fermi velocities of
the hole carriers around the K point and electron carri-
ers around the K ′ point are, in general, different. Con-
sequently, the difference in the Fermi velocities of two
type of carriers generates spin currents under the exter-
nal charge current injection. In the present simple tight-
binding hamiltonian, the difference is significant, as seen
in the band dispersion of the helical metals in Fig.4(b).
D. “Half-metals” from lightly-doped domain-wall
insulators
FIG. 10. (color online): Band dispersion of insulating
domain-wall states for U/t = 5.5.
Finally, we discuss about a possible functionality of the
domain-wall insulators in R2Ir2O7. As briefly explained
below, lightly doped domain-wall insulators are expected
to have a property equivalent to half metals.
In the insulating phases for U/t >∼ 5.2 (see the phase
diagram shown in Fig.3), the top (bottom) of the hole
(electron) band is located at the K (K ′) point. In Fig.10,
the slab band dispersion is shown for U/t = 5.5 as an ex-
ample of the insulating domain-wall states. At the both
symmetric points in the Brillouin zone of the domain-wall
states, the C3 rotational symmetry around the (111) di-
rection guarantees the full spin polarizations of the Bloch
state along the (111) direction, at the two ~k points: The
invariance of the K andK ′ under the C3 rotation around
the (111) axis prohibits the spin polarization within the
(111) plane that breaks the invariance under the C3 ro-
tation. Therefore, if electronic or hole carriers are doped
slightly into the domain walls, the doped carriers in the
domain-wall insulators become completely spin polarized
in the (111) direction, which is equivalent to electronic
or hole half metals, respectively.
VII. SUMMARY
Quantum phase transitions, electronic and transport
properties of domain-wall states of all-in−all-out mag-
netic orders in pyrochlore lattice iridium oxides R2Ir2O7
(R: rare-earth elements) are studied by using a sym-
metry adapted Hubbard-type hamiltonian of Jeff=1/2-
manifold in the present paper. There exist three quantum
phases at the magnetic domain walls: Metallic phases
with degenerated helical Fermi surfaces, metals with he-
lical electronic and hole Fermi pockets, and insulators
appear at the domain walls depending on the ratio of
the intra-atomic Coulomb repulsion U to the nearest-
neighbor hopping matrix t. Gapless charge excitations in
the degenerated helical metals are guaranteed by degen-
eracy due to IΘ-symmetry of the self-consistent domain-
wall solutions combined with the existence of a weak one-
dimensional Chern number, which is defined at the Γ
point of the domain-wall Brillouin zone. Experimental
hallmarks of the degenerated helical metals are also ex-
amined. Spin polarization on the Fermi surfaces in the
degenerated helical and helical metals is detailed by em-
ploying the double group symmetry of the domain walls
and by showing direct numerical results. Possible ap-
plications of these domain-wall states such as spin cur-
rent generation in the helical metals and half-metallic-
like properties of lightly doped domain-wall insulators
are also discussed.
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